We propose a simple renormalizable grand unified theory based on the SU (5) gauge symmetry where the neutrino masses are generated at the quantum level through the Zee mechanism. In this model the same Higgs needed to correct the mass relation between charged leptons and down-type quarks plays a crucial role to generate neutrino masses. We show that in this model one can satisfy the constrains coming from the unification of gauge couplings and the mechanism for neutrino masses is discussed in detail. The predictions for proton decay are discussed in order to understand the testability at current and future experiments such as Hyper-Kamiokande. This simple theory predicts a light colored octet which could give rise to exotic signatures at the LHC.
I. INTRODUCTION
The idea of grand unification has been considered as one of the appealing ways to think about physics beyond the Standard Model. The simplest grand unified theory was proposed in 1974 by H. Georgi and S. Glashow [1] . This theory is based on the SU (5) gauge symmetry and makes several striking predictions. It predicts a new phenomena in nature, the decay of the proton [2] . For a review see Ref. [3] . In this context the Standard Model interactions can be seen as different manifestations of the same fundamental interaction at the low scale. One can understand the electric charge quantization and predict the Weinberg's angle. Last, but not least, this theory predicts the existence of a great desert between the electroweak scale and unification scale where the SU (5) symmetry could be realised.
It is well-known that the Georgi-Glashow model [1] is ruled out by the experiments. In this context the Standard Model matter fields are unified in the 5 = (ℓ, d c ) = (1, 2, −1/2) ⊕ (3, 1, 1/3) and 10 = (q, u c , e c ) = (3, 2, 1/6) ⊕ (3, 1, −2/3) ⊕ (1, 1, 1) representations, while the minimal Higgs sector is composed of the 5 H = (T, H 1 ) and 24 H = (Σ 8 , Σ 3 , Σ (3, 2) , Σ (3, 2) , Σ 24 ) Higgses. This model is ruled out because one cannot reproduce the experimental values of the gauge couplings measured at the low scale.
In this letter we discuss the different realistic scenarios for SU (5) unification proposed in Refs. [4] [5] [6] [7] [8] [9] . After a detailed discussion we propose a new grand unified theory where the charged fermion masses are generated at the renormalizable level, while the neutrino masses are generated at the quantum level through the Zee mechanism [10] . For the first time, in the context of a grand unified theory based on the SU (5) symmetry, one can find a simple relation between charged fermion masses and neutrino masses. We investigate the unification of gauge interactions and show we can have consistent scenarios for unification when the colored octet present in the theory is not very heavy. Therefore, this theory predicts the possibility to observe exotic signals at current and future colliders. The predictions for proton decay are shown in order to understand the testability of the theory at the Super-Kamiokande or Hyper-Kamiokande experiments. The model proposed in this letter can be considered as one of the simplest renormalizable SU (5) models.
II. REALISTIC SU (5) THEORIES
It is possible to write down very simple realistic extensions of the Georgi-Glashow model. This issue has been investigated by many experts in the field. Here we discuss the two simple models:
• Type II-SU(5): In this case one generates neutrino masses through the Type II [11] seesaw mechanism and making use of the higher-dimensional operators one can have a consistent relation between the masses for down quarks and charged leptons. In this model the unification constraints imply that the leptoquark with quantum numbers (3, 2, 1/6) living in the 15 H = (3, 2, 1/6)⊕(1, 3, 1)⊕ (6, 1, −2/3) must be light. This non-renormalizable model has been studied in detail in Refs. [4] [5] [6] .
• Type III-SU(5): Using a combination of the Type I [12] and Type III [13] seesaw mechanisms adding the 24 fermionic representation one can define a simple realistic model based on SU (5). See Refs. [7] [8] [9] for a detailed study. This model is nonrenormalizable since higher-dimensional operators are used to correct the mass relation between the down quarks and charged leptons, and to understand the splitting between the different fields in the 24 representation. The unification constraints in this context tell us that the fermionic triplet needed for Type III seesaw must be light.
The models discussed above are non-renormalizable. It is very well-known that in order to have a realistic relation between down quarks and charged leptons at the renormalizable level one must add the 45 H representation [14] . Now, one could ask: What is the simplest realistic renormalizable model based on SU (5) ? .
The scenarios discussed above can be used as a guide to define the simplest model. In the Type II-SU (5) [16, 17] representation. A different case could be considered where the neutrino masses are generated through Type I seesaw and one has at least two extra singlets, right-handed neutrinos, and the extra Higgs 45 H . This scenario can be realistic [18] but one expects naively that the fermionic singlets should get mass from above GUT scale since their masses are not protected by the SU(5) gauge symmetry.
In the next section we will show that a realistic renormalizable model can be defined with two extra Higgses, 10 H and 45 H , where neutrino masses are generated through the Zee mechanism. Here the 45 H plays also a crucial role to generate neutrino masses.
III. ZEE MODEL AND SU (5) UNIFICATION
In the Zee model [10] for neutrino masses two extra Higgses are needed to generate neutrino masses at oneloop level. One has two Higgs doublets including the SM Higgs boson. In our notation we have H a ∼ (1, 2, 1/2) where a = 1, 2 and δ + ∼ (1, 1, 1). The relevant interactions are given by
where ℓ L ∼ (1, 2, −1/2), e R ∼ (1, 1, −1), the matrix λ is antisymmetric in the flavor space, and Y a are the Yukawa matrices for the two Higgses present in the theory. Here the global B−L symmetry is broken due to the simultaneous presence of the first Yukawa interaction proportional to λ and the last term proportional to the µ parameter.
Computing the neutrino mass matrix in the broken phase one finds
where the angle β defines the relation between the charged Higgses in the Higgs doublets
The mixing angle β is defined by the diagonalization of the mass matrix for the H 
In the above equation θ + is proportial to the µ parameter. Therefore, the neutrino masses are also proportional to the µ parameter which breaks the global B − L. Then, when µ is small one can naturally have small neutrino masses and this parameter is protected by the symmetry. Notice that when we assume the ZeeWolfenstein model [10, 19] where only one Higgs couples to leptons the resulting mass matrix has zero diagonal entries. This particular scenario is ruled out by the experiments [20, 21] . However, in the general Zee model for neutrino masses one has enough freedom to reproduce the values for neutrino mixings and masses. See for example [22] for a recent study of the Zee model. Now, the Zee model can be realized in a grand unified theory based on SU (5) adding the new Higgs in the antisymmetric representation 10 H which contains the charged singlet δ + [10] . A second Higgs doublet is needed as we discussed. However, if we are in the minimal renormalizable SU (5) there is no need to introduce a new Higgs because the 45 H representation contains already a second Higgs doublet. This is a crucial observation which allow us to define a simple model where the neutrino masses are related to the charged fermion masses. As we know, the 45 H representation has to be in the renormalizable theory in order to correct the mass relation between the charged leptons and down quarks. In the SU (5) language the needed interactions for the Zee model read as
In this way we can see that the minimal renormalizable SU (5) without extra singlets is defined by the Zee mechanism for neutrino masses. Clearly, one can see that since Y 1 and Y 2 cannot be diagonalized simultaneously, the diagonal elements of the neutrino mass matrix are not zero even if λ is antisymmetric. Therefore, the model has enough freedom to be consistent with the experimental values for neutrino masses and mixings. Using the relation between the charged fermion masses and the Yukawa couplings in the renormalizable theory
the neutrino mass matrix can be written as
where the coefficients c e and c d encode the information of the 1-loop radiative correction to the neutrino masses and are given in the Appendix. This relation is quite interesting because in SU (5) a relation between the neutrino masses and the charged fermion masses is not expected.
Notice that the anti-symmetric matrix λ defines this relation and it has only three free parameters. This is one of our main results. Working in the basis where M e and M u are diagonal,
CKM , and neglecting all phases for simplicity one finds
Here D c is the matrix which rotates the d c quarks, which has only three parameters in the real case, and the coefficients c e and c d are given in the Appendix. As one can see the above matrix has enough parameters to reproduce the values for the mixing angles and masses. Notice that in this model the ratio between the fermion masses cannot be predicted but one can have a simple relation between them which can be constrained using the experimental values for fermion masses and mixings. In a future publication we will investigate the constrains on the free parameters including the running of the fermion masses and possible predictions for lepton flavor violating processes.
A. Predictions from Unification
In this section we show the simplest scenarios where one can have unification of the gauge interactions in agreement with the experiments. The renormalization group equations for the gauge couplings can be written as
where
Here M I is the mass of the particle living in the great desert. The equations for the running of the gauge couplings can be rewritten in a more suitable form in terms of the differences in the coefficients B ij = B i −B j and low energy observables [23] at the electroweak scale. These equations read as
Log 
Therefore, these values must be reached in order to achieve unification of the couplings. In Table I we show the contributions of the physical fields in 5 H , 24 H , 10 H and 45 H to the running of the gauge couplings. The triplet T in 5 H has to be heavy, M T 10
12
GeV, in order to satisfy the proton decay bounds. The only field in 24 H which can help for the unification is Σ 3 ∼ (1, 3, 0) . Even if Σ 3 and H 1 are at the electroweak scale the constraints in Eqs. (15) and (16) In the 10 H only the field δ (3,2) could help to achieve consistent unification but one should notice that it mediates proton decay. The δ (3, 2) couples to fermions through the term λ55 10 H in the folowing way 2) ) in the SU (2) L space. Hence, δ (3, 2) alone cannot mediate proton decay. However, the term − A qualitative study on the bounds of the delta mass scale can be made by considering the effective coupling of the process shown in Fig. 1 , which is given by
Here Y 3 is the coupling in the Y 3 10105 H interaction. In order to satisfy the bounds on proton decay,
1/(10 12 GeV) 2 as in the usual Higgs mediated d = 6 proton decay contribution. Notice that, due to the presence of the triplet mass squared in the denominator, the mass of δ (3, 2) is not necessarily required to be heavy (the parameters λ and µ are constrained to be small since they appear in the neutrino mass matrix). In this way one understands the B − L violating contribution to proton decay mediated by δ (3, 2) .
In this model one has the usual doublet-triplet splitting problem since we need to split the 5 H representation and assume that the T field is very heavy. Now, in the 45 H one has the same fine-tuning problem because the second Higgs H 2 must be light in order to have a large vacuum expectation value needed to correct the fermion masses. The simplest way to show that unification can be achieved in a consistent way is to assume only the splitting of the 45 H representation. We will assume that there is no mass splitting in 10 H or in 24 H , and show the unification constraints in the scenarios where less finetuning is needed. . The red dashed line shows the limit on the GUT scale from the current experimental value on proton decay lifetime, τp(p → π 0 e + ) > 1.29 × 10 34 years [26] . The orange dashed line shows the projected limit on the proton decay lifetime from the Hyper-Kamiokande collaboration,
years [27] . The mass of the Φ3 is in the range 10 8.6 − 10
8.9
GeV from left to right.
In Fig. 2 , assuming unification of the gauge couplings at one-loop level, we show the allowed values for the masses of the Φ 1 ∼ (8, 2, 1/2) and the unification scale. The solutions in agreement with the experiments are shown by the blue line. In this case we assume that M H2 = 1 TeV and the mass of Φ 3 ∼ (3, 3, −1/3) changes from 10 8.6 and 10 8.9 GeV. The couplings of the Φ 3 to matter are not constrained by the fermion masses so that they can be small to suppress proton decay. The green vertical line represents the LHC bound, M Φ1 ≥ 3.1 TeV [25] , on the colored octet mass. The red horizontal dashed line corresponds to the current experimental bounds on proton decay τ p (p → π 0 e + ) > 1.29 × 10 34 years [26] . We also show in Fig. 2 the limit projected (orange line) by the Hyper-Kamiokande collaboration, τ p (p → π 0 e + ) > 1.3 × 10 35 years [27] . As one can appreciate, the main prediction from the unification of the gauge interactions is that the field Φ 1 has to be light and the model could be tested in the near future in proton decay experiments.
In the case when the mass of Φ 1 is close to the TeV scale one could hope to produce it at the LHC. The Yukawa interactions for the field Φ 1 are given by
Notice that one can produce Φ 1 with large cross sections through QCD interactions. The second term in the above equation comes from the interaction 10 10 45 H . Notice that since the second coupling above is anti-symmetric the decays into two top-quarks would not be observed. Therefore, one can have exotic signatures such as signals with one top quark and three light jets. The phenomenological aspects of the colored octets have been investigated in Refs. [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] .
B. Proton Decay
There are several fields mediating proton decay in this model. Here one has the usual gauge boson contributions mediated by the gauge bosons V ∼ (3, 2, −5/6) living in 24 G , and the Higgs contributions mediated by T in 5 H , as well as Φ 3 , Φ 5 and Φ 6 living in 45 H . In the previous section we have investigated the unification constraints and we have shown that the only extra light Higgses are H 2 and Φ 1 which do not mediate proton decay. Therefore, the main contribution to proton decay are the gauge contributions.
The proton decay widths for the most relevant channels are given by
GUT and A defines the running of the operators. A QCD ≈ 1.2 corresponds to the running from the M Z to the Q ≈ 2.3 GeV scale, while A SR ≈ 1.5 defines the running from the GUT scale to the electroweak scale. The c-coefficients [47] are given by
where the V 's are mixing matrices defined as
The matrices U , E, D and N define the Yukawa couplings diagonalization so that
The quantities
are the different matrix elements computed in lattice calculations. Here we use the values reported in Ref. [48] . In general one cannot predict the c-coefficients entering in the decay width for the proton decay amplitude. In the most conservative scenario c(e, d
c ) = 1, and c(e c , d) = 2 for p → π 0 e + and in the case
1l . We show in Fig. 3 
IV. SUMMARY
We have discussed the simplest non-supersymmetric theories based on SU (5) and pointed out that the minimal renormalizable theory without gauge singlets corresponds to the case where neutrino masses are generated at the quantum level through the Zee mechanism. In this case the 45 H plays two major roles, it corrects the relation between charged lepton and down quark masses and generate neutrino masses through the Zee mechanism.
We have shown the possibility to have the unification of the gauge interactions in agreement with the experiments. In most of the allowed parameter space the colored octet present in the theory is light so that it could give rise to exotic signals at the Large Hadron Collider.
We have also investigated the predictions for proton decay showing the possibility to test this model at the Super-Kamiokande experiment or at the future HyperKamiokande. The simple model proposed in this letter can be considered as one of the simplest renormalizable grand unified theories which motivates new experimental searches for proton decay and exotic signals at colliders.
